Let H denote the family of all graphs with multi-4-cycles and suppose that G ∈ H. Then, G is a bipartite graph with a vertex bipartition {V α , V β }. We prove that for every vertex v ∈ V β and for every 2-colouring
Lemma 1 Suppose that G ∈ E has at least three big vertices, and that X, Y are disjoint sets of vertices in the graph G satisfying:
(a) B 1 ⊆ X, B 2 ⊆ Y , and B 3 ⊆ X ∪ Y , (b) for every path in P G the set of its inner vertices is either contained in or is disjoint with X ∪ Y .
Assume also that the induced graphs G[X] and G[Y ] are acyclic. Then it is possible to partition the vertex set of G into two subsets S, T so that each of them induces a tree, and X ⊆ S, Y ⊆ T .
Hence, by the Stein theorem, {e * ∈ E(G * ) : e ∈ E(S, T )} is the set of edges of a Hamilton cycle in the dual graph G * . Moreover, Florek [4] proved that if subgraphs G[B 1 ∪ B 3 ] and G[B 2 ∪ B 3 ] are acyclic in G, then G * has H +− and H −− properties.
Let H denote the family of all graphs which contain only cycles of length congruent to 0 mod 4. Let G ∈ H and suppose that {V α (G), V β (G)} is a vertex bipartition of V (G). In the first part of our paper we study the structure of graphs in H (see Theorem 1) , and we prove the following theorem Theorem 2: For every vertex v ∈ V β (G) and for every 2-colouring a : V α (G) → {1, 2} there exists a 2-colouring b : V β (G) → {1, 2} such that every cycle in G is not monochromatic and b(v) = 1 (b(v) = 2).
In the second part of our paper we show applications of Theorems 1-2 to the Barnette's Conjecture. Let G ∈ E and let
First we prove the following Theorem 3: If H ∈ H, then for every edge vw with v ∈ B 3 and w ∈ V 1 (w ∈ V 2 ) there exists a partition {S, T } of V (G) so that each of partition sets induces a tree-subgraph of G, B 1 ⊆ S, B 2 ⊆ T , and v, w ∈ S (v, w ∈ T , respectively).
Let us define the following 3-face-colouring of G * : a face f of G * is coloured with i if and only if the vertex v = f * ∈ V i . Then, we obtain a dual version of Theorem 3: If H ∈ H, then, for any edge chosen on a face coloured 3 and of size at least 6 in G * , there exists a Hamilton cycle of G * which avoids this edge.
Finally, we prove the following Theorem 4: If H ∈ H and if every component of H is 2-connected, then there exists a partition (S, T ) of V (G) so that each of partition sets induces a tree-subgraph in G, B 1 ⊆ S, B 2 ⊆ T , and for every v ∈ B 3 the following implications are satisfied: Then, we obtain a dual version of Theorem 4: If H ∈ H and if every component of H is 2-connected, then there exists a Hamilton cycle of G * such that for every face coloured 3 it avoids every second edge of this face or it avoids at most two edges of this face.
Graphs with multi-4-cycles
Let H denote the family of all graphs such that each cycle has a length congruent to 0 mod 4. Suppose that G ∈ H and assume that {V α (G), V β (G)} is a vertex bipartition of G. Vertices belonging to V α (or V β ) are called of type α (type β respectively). For any 2-colouring a : V α (G) → {1, 2} and for any 2-colouring b : V β (G) → {1, 2} we define a 2-colouring a▽b : V β (G) → {1, 2} (not necessarily proper) such that a▽b(w) = a(w), for w ∈ V α (G), and a▽b(w) = b(w), for w ∈ V β (G). A cycle in G is monochromatic with respect to a▽b if all vertices of this cycle have the same colour. Given a subgraph C of G, we call a path P a C-path if P is non-trivial and meets C exactly in its ends. Let P = x 0 x 1 . . . x k . For 0 i j k we write (see Diestel [3] )
for the appropriate subpaths of P . We use a similar notation for the concatenation of paths; for example, if the union xP y ∪ yQx of two paths is a cycle, we may simply denote it by xP yQx.
Definition 1 If P is a path of length at least 2, then IntP is the set of its all inner vertices. If P has length 1, then IntP is the edge of P .
We say that a pair (P, Q) of two disjoint paths in G cuts G if the following conditions are satisfied: (a) P (and Q) has all inner vertices of degree 2 in G, and has ends of different types which are of degree at least 3 in G, (b) the graph G − (IntP ∪ IntQ) has two components, which are called subgraphs of G determined by (P, Q), and each of them contains ends of these paths of the same type.
Lemma 2 Let G ∈ H and suppose that {V α (G), V β (G)} is a vertex bipartition. If C is a 2-connected subgraph of G and P is a C-path, then ends of P are of the same type.
Proof. Let C be a 2-connected subgraph of G and suppose that Q, R are independent x-y paths contained in C. Let P be a C-path connecting x and y. Notice that if x and y are of different types, then one of cycles xP yQx, xP yRx or xQyRx has odd number of vertices of type α (and also of type β). Hence, it has 4n + 2 vertices, which is a contradiction.
If G is 2-connected, then for every x-y path P in G satisfying condition (a) of Definition 2 there exists a sequence B 1 , B 2 , . . . , B n+1 , n 1, of blocks in G − IntP and a sequence a 1 , a 2 , . . . , a n of cut vertices, such that
Proof. Since G is 2-connected and P has ends of different types, by Lemma 2, G − IntP is not 2-connected. Since G is 2-connected and inner vertices of P are of degree 2 in G, there is a path Q contained in G − IntP which is connecting x and y. Since G − IntP is not 2-connected, there exists a sequence B 1 , B 2 , . . . , B n+1 , n 1, of blocks in G − IntP such that x ∈ B 1 , y ∈ B n+1 , every block of this sequence contains an edge of Q and every edge of Q belongs to a one of them. Thus, there exists a sequence a 1 , a 2 , . . . , a n of cut vertices such that
Since G is 2-connected every vertex of G−IntP belongs to a path contained in G − IntP which is connecting x and y, whence it is connecting two vertices of a block B i , for some i = 1, . . . , n + 1. Thus,
Certainly, x = a 1 and y = a n , because G is 2-connected. Notice that blocks B 1 and B n+1 are 2-connected, because x, y are of degree at least 3 in G.
If G is 2-connected, then no 4-cycle has two adjacent vertices of degree at least 3 in G.
Proof. Let abcda be a 4-cycle in G and suppose that ends of the edge e = ad are of degree at least 3 in G. Since ends of e are of different types, by Lemma 3, G − e = B 1 ∪ B 2 and one of the following cases occurs:
In the case (i), adcb is a B 1 -path. Hence, by Lemma 2, vertices a, b are of the same type, but it is impossible, because ab is an edge. Similarly, we obtain a contradiction in the case (ii). Hence, e has an end-vertex of degree 2. Proof. Let P be a path of G satisfying condition (a) of Definition 2 and suppose that x (or y) is its end of type α (or β, respectively). By Lemma 3, there exists a sequence B 1 , B 2 , . . . , B n+1 , n 1, of blocks in G − IntP and a sequence a 1 , a 2 , . . . , a n of cut vertices, such that
and y ∈ B n+1 , y = a n . Since B 1 and B n+1 are 2-connected, by Lemma 2, vertices a 1 and x (a n and y) are of type α (β, respectively). We can assume that B = B l . Since B l is 2-connected, by Lemma 2, vertices a l−1 , a l are of the same type. We assume that these vertices are of type β (if they are of type α, the proof is analogous).
Let 1 < k n be the first integer such that d G (a k ) 3 and a k is of type β, and suppose that 1 j < k is the last integer such that d G (a j ) 3. Then, Q = a j a j+1 . . . a k is a path satisfying condition (a) of Definition 2. Notice that paths P , Q are disjoint and G − (IntP ∪ IntQ) has two components
. Since x, a j ∈ C are of type α and a k , y ∈ D are of type β, the pair (P, Q) cuts G. It follows, by definition of k, that k l − 1, because d G (a l−1 ) 3 and a l−1 is of type β. Hence,
If C is a minimal subgraph in G determined by a pair of paths which cuts G, then its any two vertices of degree at least 3 in G are of the same type.
Proof. Let C be a minimal subgraph of G determined by a pair of paths (say (P, Q)) which cuts G. Hence, G − (IntP ∪ IntQ) consists of two components C and D. Without loss of generality we can assume that ends of paths P , Q belonging to C are of type α. If C is not 2-connected, then, by Lemma 3, there exists a sequence B 1 , B 2 , . . . , B n+1 of blocks in C, n 1 and a sequence a 1 , a 2 , . . . , a n of cut vertices such that
Assume that C has two vertices, say x and y, of different types which are of degree at least 3 in G. We shall prove that C is not minimal. Without loss of generality we can assume that one of the following conditions occurs:
(i) x = a i , y = a k , for some i < k, and B j is an edge, for every i < j k, (ii) x and y belong to the same 2-connected block, say B l . Case (i). Then, there exists a path R = a i a i+1 . . . a k satisfying condition (a) of Definition 2. If a i is of type α and a k is of type β, then (P, R) cut G,
Case (ii). Without loss of generality we can assume that vertices a l−1 and a l are of type α, because, by Lemma 2, they are of the same type. Since x and y are of different type, there exists a path P 1 ⊂ B l satisfying condition (a) of Definition 2 and one of its ends, say x 1 , is of type β. Hence, there exists a path S in B l connecting a l−1 and a l and omitting the vertex x 1 , because B l is 2-connected. Notice that S is disjoint with IntP 1 . Since G is 2-connected, there exists a path T in G connecting a l−1 and a l which contains paths P and Q. Let B be a 2-connected block of G − IntP 1 which contains a cycle a l−1 Sa l T a l−1 . Since every vertex of G − B l belongs to a path in G − IntP 1 connecting a l−1 and a l ,
satisfying the following conditions:
(1) every cycle in G is not monochromatic with respect to a▽b, (2) if a path in G has ends of type β and its all inner vertices are of degree 2 in G, then its vertices of type β are coloured 1 and 2 alternately by b,
Proof. Let G ∈ H. Without loss of generality we can assume that G is connected. We apply induction on |G|. Fix a vertex v ∈ V β (G) and fix a 2-colouring
. . , B n be a sequence of connected subgraphs of G and let v 1 , . . . , v n be a sequence of vertices such that v i is the unique vertex of B 0 ∩ B i , and subgraphs B i \{v i } are pairwise disjoint. By induction (we apply Theorem 2 for the graph B i and the vertex v i , i = 1, . . . , n, and for the graph B 0 and the vertex v), there exists a 2- 
Notice that a 2-colouring b = b 0 ▽ . . . ▽b n satisfies assertions (1)-(3) of Theorem 2. Thus, it is sufficient to prove Theorem 2 for 2-connected graphs in H.
First we prove the following:
(A) If K is a connected subgraph of G such that its all vertices of degree at least 3 in K are of type β, then there exists a 2-colouring k : V β (K) → {1, 2} so that (a) every cycle in K is not monochromatic with respect to a▽k, (b) if a path in K has ends of type β, then its vertices of type β are coloured 1 and 2 alternately by k,
Proof of (A). Fix a vertex w ∈ V β (K). For every u ∈ V β (K) there exists a path P in K connecting w and u. Ler k(w) = 1 and assume that vertices of V β (P ) are coloured, by k, with 1 and with 2 alternately. We prove that the colouring of u is independent of the choice of the path in K connecting w and u.
Let P and Q be any two paths in K connecting w and u. Let d(P ) (or d(Q)) denote length of the path P (or Q, respectively). Notice that P (or Q) has ends of the same colour if and only if d(P ) (d(Q), respectively) is congruent to 0 modulo 4. If P and Q are independent, then d(P ) and d(Q) are congruent modulo 4, because G ∈ H. Hence follows that the colouring of u is independent of the choice of the path P or Q.
If P and Q are not independent, then their common inner vertices are of degree at least 3 in K. Hence, they are of type β. Then there are two sequences of paths P 1 , . . . , P n and Q 1 , . . . , Q n such that P = P 1 ∪. . .∪P n , Q = Q 1 ∪ . . . ∪ Q n and, for every i = 1, . . . n, the paths P i , Q i are independent and have common ends of type β, or P i = Q i . Thus, the colouring k is compatible for all vertices of V β (K). Certainly, if v ∈ V β (K), then we may interchange the colours 1 and 2 in V β (K) so that condition (c) is satisfied. Thus, conditions (b)-(c) hold. Certainly, (a) follows from (b), which completes the proof of (A). Now we prove the following:
(B) If L is a connected subgraph of G such that its all vertices of degree at least 3 in G are of type α, then there exists a 2-colouring l : V β (L) → {1, 2} so that (d) every cycle in L is not monochromatic with respect to a▽l, (e) if a path in L has ends of type β and its all inner vertices are of degree 2 in G, then its all vertices of type β are coloured 1 and 2 alternately by l, (f ) every path in L not containing v and with ends of degree at least 3 in G is not monochromatic with respect to a▽l,
Proof of (B). Let L 1 be the set of all paths in L with ends of type β and with all inner vertices of degree 2 in G. If P ∈ L 1 , then we assume that vertices of V β (P ) are coloured, by l, with 1 and with 2 alternately. Certainly, if v ∈ V β (P ), then we can interchange colours 1 and 2 in V β (P ) so that condition (g) is satisfied. Notice that that the colouring l is compatible for all vertices of the union of V β (P ), for P ∈ L 1 . Hence, conditions (e) and (g) hold.
Let L 2 be the set of all paths in L of length 2 with ends of degree at least 3 in G and not containing v. If P ∈ L 2 , then we assume that the inner vertex of P (of type β) is coloured, by l, so that P is not monochromatic. If P is a path in L of length at least 4 and with ends of degree at least 3 in G (of type α), then it contains a path belonging to L 1 or L 2 . Hence, it is not monochromatic with respect to a▽l. Thus, condition (f ) holds.
Certainly, condition (d) follows from conditions (e)-(f ) which completes the proof of (B). Now we assume that G is 2-connected. If all vertices of degree at least 3 in G are of the same type, then, by (A) (or (B)), there exists a 2-colouring k : V β (G) → {1, 2} (l : V β (G) → {1, 2}) satisfying conditions (a)-(c) ((d)-(f ), respectively). Hence, Theorem 2 holds.
Thus, we can assume that G has a path which satisfies condition (a) of Definition 2. By Lemma 5 and Theorem 1, there exists a pair (P, Q) of paths which cuts G, G − (IntP ∪ IntQ) is the union of two componets, say C and D, and all vertices of C which have degree at least 3 in G are of the same type. Let us denote by x 1 , y 1 (x 2 , y 2 ) ends of P (Q, respectively). We may assume that x 1 , x 2 ∈ C. Let us consider the following cases:
(i) all vertices of C which have degree at least 3 in G are of type β, (ii) all vertices of C which have degree at least 3 in G are of type α.
Case (i). By induction (for the graph D), there exists a 2-colouring d : V β (D) → {1, 2} satisfying assertions (1)-(2) and (3) (if v ∈ V β (D)).
Let K = C ∪ P ∪ Q. Notice that all vertices of degree at least 3 in K are of type β. Then, by (A) there exists a 2-colouring k : V β (K) → {1, 2} satisfying conditions (a)-(b) and (c) (if v ∈ V β (K)). Since vertices x 1 and x 2 are of type β, by condition (b), every path in K with ends x 1 and x 2 is not monochromatic with respect to a▽k. Hence, every cycle containing P ∪Q is not monochromatic with respect to a▽k▽d. Thus, in this case, Theorem 2 holds.
Case (ii). By (B) (for L = C), there exists a 2-colouring l :
Suppose first that v ∈ D ∪ P ∪ Q. By induction (for the graph D ∪ P ∪ Q and for v), there exists a 2-colouring c 1 : V β (D ∪ P ∪ Q) → {1, 2} satisfying assertions (1)-(3) of Theorem 2. Since v / ∈ C and vertices x 1 , x 2 have degree at least 3 in G, by condition (f ), every path with ends x 1 and x 2 contained in C is not monochromatic with respect to a▽l. Hence, every cycle containing P ∪Q is not monochromatic with respect to a▽l▽c 1 . Thus, in this case, Theorem 2 holds.
Let now v ∈ C. By induction (for D ∪ P ∪ Q and for y 1 ∈ V β (D ∪ P ∪ Q)), there exists a 2-colouring c 2 : V β (D ∪ P ∪ Q) → {1, 2} satisfying assertions (1)-(2) of Theorem 2 and c 2 (y 1 ) = a(x 1 ). Hence, every cycle containing P ∪ Q is not monochromatic with respect to a▽l▽c 2 . Thus, in this case, Theorem 2 holds. (a) every cycle in B is not monochromatic with respect to a▽b 1 and a▽b 2 , (b) if a path of length 2 in B has ends of type β of degree at least 3 in B and has the inner vertex of degree 2 in B, then its ends are coloured with different colours by b 1 , and also by b 2 , (c) b 1 (v) = a(x) = b 2 (y).
We shall prove that there exists a 2-colouring b 0 : V β (B) → {1, 2} satisfying the following conditions:
Since B is 2-connected, by Lemma 4, one of the following cases occurs:
Case (ii). If a(x) = a(z), then, by conditions (c) and (a), b
If a(x) = a(z), then, by condition (c), b 1 (v) = a(x) and b 2 (y) = a(x). Hence, we can assume that b 1 (y) = a(z) and b 2 (v) = a(z). Otherwise, we can recolour y and v, because
Finally, we can extend the colouring b 0 to a 2-colouring b of V β (G) satisfying conditions (1) and (2), by the way presented in the proof of Theorem 2.
Application to the Barnette's Conjecture
Let E be the family of all simple even plane triangulations. Let G ∈ E and suppose that V 1 , V 2 , V 3 is a vertex 3-partition of V (G). If v is a vertex in G, then N i (v) is the set of all its neighbours belonging to V i , for i = 1, 2, 3.
We say that a vertex v is big (small) in G if d G (v) ≥ 6 (d G (v) = 4, respectively). Denote by B i (or S i ) the set of all big (small, respectively) vertices in V i , i = 1, 2, 3. Note that G[B 1 ∪ B 2 ∪ B 3 ] is 2-connected, because its every face is triangle or square.
Let P G denote the family of all paths P of length at least 2 in G, with big ends and small inner vertices such that either P is an induced path in G, or the ends a, b of P are adjacent and P + ab is an induced cycle in G. Let V 0 (P ) denote the set of two vertices in G so that each of them is adjacent to every vertex of P . Let V 1 (P ) denote the set of two ends of P .
Let C l denote a cycle of length l, E 2 denotes an empty graph of order 2. Then the join C 4 * E 2 is the octahedron. Notice that if G ≇ C 2l * E 2 , for l 2, then every small vertex in G belongs to a path of P G .
Recall that H denote the family of all graphs which contain only cycles of length congruent to 0 mod 4.
For every edge vw with v ∈ B 3 and w ∈ V 1 (w ∈ V 2 ) it is possible to partition the vertex set of G into two disjoint subsets S, T so that each of them induces a tree, B 1 ⊆ S, B 2 ⊆ T , and v, w ∈ S (v, w ∈ T , respectively).
Proof. Let G ∈ E. If G ∼ = C 2l * E 2 , for some l 2, then Theorem 3 holds. Therefore, we assume that G ≇ C 2l * E 2 . Hence, every small vertex in G belongs to a path of P G .
Let
Notice that H is a bipartite graph with bipartition (B 1 ∪ B 2 , B 3 ). Let a : B 1 ∪ B 2 → {1, 2} be a 2-colouring such that vertices of B 1 (or B 2 ) are coloured 1 (2, respectively) . Fix an edge vw such that v ∈ B 3 . By Theorem 2, there exists a 2-colouring b :
is not monochromatic with respect to a▽b, and b(v) is coloured 1 (or 2), for w ∈ V 1 (w ∈ V 2 , respectively).
Let w ∈ B 1 ∪ B 2 and suppose that
Remark, that X an Y are disjoint and the induced graphs G[X] and G[Y ] are acyclic. Hence, by Lemma 1, it is possible to partition the vertex set of G into two subsets S, T so that each of them induces a tree,
Assume now that w ∈ S 1 ∪ S 2 . Then, w belongs to a path of P G , say P w , such that all vertices of V 0 (P w ) are big in G, or V 0 (P w ) = {v, y}, where y ∈ S 3 . Let vxyzv be a 4-cycle consisting of vertices belonging to V 0 (P w ) ∪ V 1 (P w ).
Since v ∈ B 3 , by Corollary 1, we can assume that the 2-colouring b satisfies also the following condition:
We shall extend b to a 2-colouring b 0 : M → {1, 2} satisfying the following conditions:
So, we set b 0 (u) = b(u) for every u ∈ B 3 . It is sufficient to consider the following cases:
Case (1) . Since y ∈ B 3 , by condition (a), we can assume that b(v) = b(y). We colour all vertices of (IntP w ) ∩ S 1 with 1 and all vertices of (IntP w ) ∩ S 2 with 2. Certainly, conditions (b)-(c) hold.
Case (2) . Since y ∈ B 3 , by condition (a), we can assume that b(v) = b(y). Notice that if w ∈ S 1 (w ∈ S 2 ), then x, z ∈ B 2 (x, z ∈ B 1 , respectively). Thus, b(v) = a(x) = a(z) = b(y). We colour all vertices of IntP w with b(v). Certainly, conditions (b)-(c) hold.
Case (3) . Notice that if w ∈ S 1 (w ∈ S 2 ), then x, z ∈ B 2 and y ∈ B 1 (x, z ∈ B 1 and y ∈ B 2 , respectively). Thus, b(v) = a(y) = a(x) = a(z). Moreover, there exists a vertex s ∈ (IntP w )∩S 3 . If every path in G[B 1 ∪B 2 ∪B 3 ] connecting x and z is not monochromatic with respect to a▽b, then we put b 0 (s) = a(x) and we colour all vertices of IntP w \{s} with b(v).
If there exists a path in G[B 1 ∪ B 2 ∪ B 3 ] connecting x and z which is monochromatic with respect to a▽b, then we colour all vertices of IntP w with b(v). Certainly, conditions (b)-(c) hold.
Case (4) . We set b 0 (y) = b(v). We colour all vertices of (IntP w ) ∩ S 1 with 1 and all vertices of (IntP w ) ∩ S 2 with 2. Certainly, conditions (b)-(c) hold. Let
Remark, that X 0 and Y 0 are disjoint and, by condition (b), the induced graphs G[X 0 ] and G[Y 0 ] are acyclic. Hence, by Lemma 1, it is possible to partition the vertex set of G into two subsets S, T so that each of them induces a tree, 
if d H (v) = 2 and v ∈ S (v ∈ T ), then at most two vertices of N 1 (v) (or N 2 (v)) belong to S (or T ) and all other neighbours of v belong to T (S, respectively). Notice that we can also assume that b satisfies the following condition:
(c) if a path in H of length 2 has the inner vertex belonging to B 3 of degree 2 in H, and if its both ends are not coloured 2 (are coloured 2) by a, then its inner vertex is coloured 2 (1, respectively) by b. Otherwise we can recolour the inner vertex.
Let R G be the family of all paths P ∈ P G such that all vertices of V 0 (P ) are big in G and at least one vertex of V 0 (P ) ∪ V 1 (P ) belongs to B 3 . Suppose that R G is the family of all paths P ∈ P G such that V 0 (P ) contains a vertex belonging to B 3 and a vertex belonging to S 3 .
Let P 1 , . . . , P n be a sequence of all paths in R G ∪ R G . Set M 0 = B 3 and
, for i = 1, . . . , n.
We shall define a sequence b 0 , . . . , b n of 2-colourings b i : M i → {1, 2} (we set b 0 = b) such that the following conditions, for i > 0, are satisfied:
(d) every cycle in L i is not monochromatic with respect to a▽b i , (e) if v is a vertex belonging to B 3 ∩ (V 0 (P i ) ∪ V 1 (P i )) with d H (v) 3, then all vertices of N 1 (v) ∩ (V (P i ) ∪ V 0 (P i )) (of N 2 (v) ∩ (V (P i ) ∪ V 0 (P i ))) are coloured 1 (2, respectively) by b i , (f ) if v is a vertex belonging to B 3 ∩ (V 0 (P i ) ∪ V 1 (P i )) with d H (v) = 2 and if v is coloured 1 (or 2) by b, then at most one vertex of N 1 (v)∩(V (P i )∪V 0 (P i )) (N 2 (v) ∩ (V (P i ) ∪ V 0 (P i )), respectively) is coloured 1 (2, respectively) and all other vertices of N (v)∩(V (P i )∪V 0 (P i )) are coloured 2 (1, respectively) by b i .
Let b i−1 , for some i > 0, be a 2-colouring satisfying conditions (d)-(f ), for i > 1. We shall extend b i−1 to a 2-colouring b i satisfying conditions (d)-(f ). So, we put b i (u) = b i−1 (u) for every u ∈ M i−1 . Let us consider a path P i ∈ R G and suppose that v i x i y i z i v i is a 4-cycle in G consisting of vertices belonging to V 0 (P i ) ∪ V 1 (P i ). Assume first that v i , y i ∈ B 3 and x i , z i ∈ B 1 ∪ B 2 .
Hence, v i x i y i z i v i is contained in H. Thus, it is contained in some 2-connected component of H. By Lemma 4, one of the following cases occurs: 
